Abstract. In the present paper, we introduce certain modi…cation of Szász-Mirakyan-Kantorovich-type operators in polynomial weighted spaces of continuous functions of two variables. Then we research some approximation properties of these operators. We give some inequalities for the operators by means of the weighted modulus of continuity and also obtain a Voronovskaya-type theorem. Furthermore, in the paper we show that our operators give better degree of approximation of functions belonging to weighted spaces than classical Szász-Mirakyan operators.
Introduction
In 1930, Kantorovich [7] introduced the following operators for f 2 L 1 [0; 1] and x 2 [0; 1]:
K n (f ; x) := (n + 1)
f (s) ds, n 2 N:
(1.1)
In many papers various modi…cations of operators K n (f ) were introduced and many authors studied their approximation properties in di¤erent function spaces (see [4, 5, 9, 12, 13, 14, 15, 18] ). In papers [1, 2, 8, 11, 14, 15, 16, 17, 21] Szász-Mirakyan operators S n (f ; x) := e i.e. the space C p is the set of all real-valued functions f continuous on R 0 for ! p f is uniformly continuous and bounded on R 0 . The norm in C p is also de…ned by jjf jj p := jjf (:)jj p := sup x2R0 ! p (x) jf (x)j :
The degree of approximation of f 2 C p by the operators (1.2) were studied and it was proved that
for every f 2 C p , p 2 N 0 and x 2 R 0 : Moreover, the convergence in (1.5) is uniform on every interval [
In [19] Szász-Mirakyan-Kantorovich operators were de…ned as
1)(see also some modi…ed analogues of these operators [3, 6, 10, 15, 21] ). In 2003, Walczak [20] introduced modi…cation of the operators (1.2) with two variables. In the paper he considered the space C p;q , associated with the weight function
and composed of all real-valued functions f continuous on R 0 , for w p;q f is uniformly continuous and bounded on R 2 0 . The norm on C p;q is de…ned as jjf jj p;q := jjf (:; :)jj p;q := sup
Similarly, the modulus of continuity of f 2 C p;q is de…ned as usual by the formula ! (f ; C p;q ; t; s) = ! p;q (x; y) := sup 0 h t; 0 s jj h; f (:; :)jj p;q , 8t; s 0, (1.9)
. In addition C 1 p;q is the set of all functions f 2 C p;q , which whose …rst partial derivatives belong also to C p;q . From (1.9) it follows that lim t;s!0 + ! (f ; C p;q ; t; s) = 0 for every f 2 C p;q and p; q 2 N 0 . In [20] Walczak introduced a modi…ed Szász-Mirakyan operators on C p;q for m, n, r, s 2 N , > 0 and (x; y) 2 R 2 0 A m;n (f ; r; s; ; x; y) = 1 g((m x+1) 2 ;r)g((n y+1) 2 ;s)
i.e.
If f 2 C p;q and f (x; y) = f 1 (x) f 2 (y), then A m;n (f ; r; s; ; x; y) = A m (f 1 ; r; ; x) A n (f 2 ; s; ; y) (1.12)
for all (x; y) 2 R 2 0 and m, n; r; s 2 N . Also he gave the theorems on the degree of approximation of functions from polynomial and exponential weighted spaces by the operators (1.10). In his work degree of these operators for approximation is similar but in some cases it is better than for aproximation in [19] .
The purpose of this paper is to introduce a modi…ed Kantorovich-type of (1.10) with two variables and also study convergence properties of the operators for functions on C p;q and C 2 p;q by using the methods in [6, 20, 21] .
Auxiliary Results
In the sequel we shall need several lemmas, which are necessary to prove the main theorems. Firstly we will give the moments of the operators. For this purpose we introduce the following class of operators on C p;q : De…nition 1. Let m; n; r; s 2 N and p; q 2 N 0 and (m ) ; (n ) be positive sequences such that lim m!1 m = lim n!1 n = 1 for > 0. Then for f 2 C p;q we de…ne the modi…ed Szász-Mirakyan-Kantorovich operators as
where (1.11) holds.
In this paper we use short notation
Also, we will denote by M k , k = 1; 2; :::; the suitable positive constants depending only on the parameters p; q and r; s. It is known that A m;n are positive linear operators acting from C p;q to C p;q a nd we have A m;n (1; x; y) = 1 (2.2) for p; q 2 R 0 , m; n; r; s 2 N , > 0 and (x; y) 2 R 2 0 . Other moments of A m;n (t k ; r; s; x; y) can be obtained easily for k = 1; 2. From (2.2) and (1.12) we get the following lemmas: Lemma 1. Let m; n; r; s 2 N be …xed numbers. Then for all (x; y) 2 R A m;n (t x) 2 ; r; s; :; :
Lemma 2. Let m; n; r; s 2 N be …xed numbers. Then there exist s;j (r) = r j 1
and ;j (s) = s j 1 depending only j; r; s such that
(2.5) for all f 2 C p;q ; > 0; 1 j r; 1 j s and (x; y) 2 R 2 0 . Also u;1 (:) ; ;1 (:) and ' u;j ; ' ;j ; j are positive constants and the others are equal to one. Lemma 3. Let p; q 2 N 0 and m; n; r; s 2 N be …xed numbers. Then for given positive constants M 2 ; M 3 we have
; r; s; :; :
and for all f 2 C p;q we obtain jjA m;n (f ; r; s; :; :)jj p;q M 3 jjf jj p;q ; m; n 2 N . for all f 2 C p;q :
The methods used to prove the above Lemmas are similar to modi…ed Szász-Mirakyan operators for f in [14, 15, 20] . Thus their proofs are very obvious.
Approximation Behaviour of Operators
Our …rst main result is the following theorem for approximation behaviour of A m;n . 
M7
m :
Applying for the last inequality by (1.9), we get We combine (3.6) and (3.7) and derive from (3.3) that (3.1) is satis…ed. Now, we compute the rate of convergence of A m;n by means of the weighted modulus of continuity given by (1.9). f (x; y + v) dv, which imply f h; (x; y) 2 C 1 p;q for every …xed h; > 0. Also we have f h; f p;q ! (f ; C p;q ; h; ) ; (3.10)
Hence by the last inequalities we can write ! p;q (x; y) j(A m;n (f ; r; x; y) f (x; y))j ! p;q (x; y) fjA m;n (f (t; z)) f h; (t; z); x; y)j + jA m;n (f h; (t; z); x; y) f h; (x; y)j
13) for every m; n 2 N; h; > 0 and (x; y) 2 R 2 0 . For L 1 and L 3 ; by using Lemma 3 and (3.10), we get
Similarly, by Theorem 1 and (3.11),(3.12) we have
Hence, from (3.14) for (3.13) it follows that kA m;n (f ; r; s; ; :; :) f (:; :)k p;q M 15 
Now, for …xed m; n 2 N , substitution of h = 1 m and = 1 n in the last inequality, we obtain the desired result of (3.8) . This completes the proof of Theorem 2.
The following corollories are immediate consequences of Theorem 1 and 2. as m; n ! 1. Now we will prove the following Voronovskaya-type theorem. Proof. Let (x; y) be a …xed point in R 2 0 . Then, by the Taylor formula we can write Applying (2.1) to the last equality, we get A n;n (f ; x; y) f (x; y) = f 0 x (x; y) A n;n ((t x) ; x; y) +f 0 y (x; y) A n;n ((z y) ; x; y)
xx (x; y) A n;n (t x) 2 ; x; y +2f 00 xy (x; y) A n;n ((t x) (z y) ; x; y) +f 00 yy (x; y) A n;n ((z y) 2 ; x; y) o +A n;n " (t; z)
From ( For the right term in the last equation by the Hölder inequality we obtain jL 6 j 2 A n;n (" 2 (t; z); x; y) 1 2 n A n;n (t x) 4 + (z y) 4 ; x; y o 1
2
By Corollary 1 and properties of " (:; :) we deduce that lim n!1 A n;n " 2 (t; z) ; x; y = " 2 (x; y) = 0:
From this, the linearity of A n;n and Lemma 1 we have lim n!1 n A n;n q (t x) 4 + (z y) 4 ; x; y) = 0:
Collecting these results, we immediately obtain the desired result (3.17) .
In this paper, Theorem 1, 2 and Corollary 2 show that our operator A m;n ; m; n 2 N , give better degree of approximation of functions f 2 C p;q and f 2 C 1 p;q than classical Szász-Kantorovich operators.
